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Macroscopic quantum oscillator based on a flux qubit
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In this paper a macroscopic quantum oscillator is proposed, which consists of a flux-qubit in the
form of a cantilever. The net magnetic flux threading through the flux-qubit and the mechanical
degrees of freedom of the cantilever are naturally coupled. The coupling between the cantilever
and the magnetic flux is controlled through an external magnetic field. The ground state of the
flux-qubit-cantilever turns out to be an entangled quantum state, where the cantilever deflection
and the magnetic flux are the entangled degrees of freedom. A variant, which is a special case of
the flux-qubit-cantilever without a Josephson junction, is also discussed.
INTRODUCTION
The experimental realization of quantum superposi-
tion and quantum entanglement of macroscopically dis-
tinct quantum states or Schro¨dinger cat states is one of
the main objectives of experiments to explore quantum
physics at a macroscopic scale [1, 2]. The magnetic flux
quantization signifies a quantum effect at a mesoscopic
scale, where a net magnetic flux threading through a
closed superconducting loop is quantized. From a funda-
mental point of view, a quantum superposition of distinct
magnetic flux states is discussed in reference [1]. Ex-
perimentally, a quantum superposition of distinct mag-
netic flux states has been realized, based on a supercon-
ducting loop interrupted by Josephson junctions (flux-
qubit) [3–5]. Flux-qubits, sometimes referred to as “de-
signed macroscopic atoms”, have been studied theoreti-
cally and experimentally in the context of quantum in-
formation processing [6–8]. On the other hand, a nano
or a micromechanical cantilever [9], which is regarded
as a macroscopic quantum harmonic oscillator, can ex-
hibit quantum behaviour at low temperatures. Such
a cantilever, when strongly coupled to another quan-
tum system, can exhibit quantum entanglement at the
macroscopic scale. Various approaches are being ex-
plored through experiments to strongly couple a nano
or a micromechanical cantilever to another quantum sys-
tem, such as photons in a cavity [10–17], nitrogen vacan-
cies [18], a Bose-Einstein condensate [19] and supercon-
ducting quantum circuits [20–28].
In this paper, a macroscopic quantum oscillator based
on a flux-qubit is proposed. The quantum oscillator,
which is named as the flux-qubit-cantilever, consists of
a flux-qubit where a part of the flux-qubit loop is in
the form of a cantilever. The magnetic flux thread-
ing through the flux-qubit and the mechanical degree of
freedom of the cantilever are naturally coupled to each
other, and the coupling is controlled through an external
magnetic field. The potential energy profile of the flux-
qubit-cantilever is tunable from a two-dimensional single
well potential to a two-dimensional double well potential
by appropriately tuning the magnetic field and the can-
tilever equilibrium angle. The resulting ground state of
the flux-qubit-cantilever is an entangled quantum state
of the magnetic flux and the deflection of the cantilever.
In a proposal by Xue et.al [29, 30] the coupling of a
nanobeam mechanical resonator embedded in a super-
conducting circuit is controlled with an external magnetic
field. An experimental realization of such a mechanical
resonator embedded in a dc-SQUID is described in refer-
ence [31] where the thermal motion of a micromechanical
resonator is experimentally measured at milliKelvin tem-
peratures. Semiclassical dynamics of a nanomechanical
oscillator coupled to a rf-SQUID is described in refer-
ence [32]. The current proposal is based on a generic
approach and it has been proved in this paper that the
ground state of the flux-qubit-cantilever is an entangled
quantum state of macroscopic observables. In addition, a
special case of the flux-qubit-cantilever without Joseph-
son junctions, which is called a superconducting-loop-
oscillator, is also discussed. The potential energy of this
superconducting-loop-oscillator can be controlled by an
external magnetic field to produce a macroscopic quan-
tum superposition. Therefore, the proposal presented in
this paper is distinct from and goes beyond the propos-
als described in references [29, 30]. More specifically, the
following aspects are novel in the present proposal: (a)
The coupling between the flux-qubit and the cantilever is
obtained from general energy considerations. (b) All of
the relevant variables are treated quantum mechanically.
(c) It is clearly established that for desirable parame-
ters, the ground state of the flux-qubit-cantilever is an
entangled state of macroscopic observables. (d) For the
case of superconducting-loop-oscillator (a special case of
the flux-qubit-cantilever), the ground state is a quantum
superposition of macroscopically distinct configurations.
The phenomenon of flux quantization is a consequence
of the Aharanov-Bohm effect. The persistent current
flowing through a superconducting loop is proportional
to ∇ϕ(r) − (2e/~)A(r), where ϕ(r) is the phase of the
Cooper pair wavefunction, A(r) is the vector potential,
e is the electron charge and h is Plank’s constant (~ =
h/2π). Due to the Meissner effect, the persistent current
2decreases exponentially as one moves inwards from the
surface of a superconductor. Therefore, the phase gradi-
ent is ∇ϕ(r) = (2e/~)A(r) at a point r situated within
the superconductor at a distance much greater than the
penetration depth from the surface. To maintain a single
valued Cooper pair wavefunction, the total phase accu-
mulated over a closed path (situated within the loop and
enclosing the centre of the loop), has to be an integral
multiple of 2π which results in the quantization of the
net magnetic flux threading through the superconduct-
ing loop [33].
For a superconducting loop interrupted by a Joseph-
son junction, a phase ∆ϕ is accumulated across the
Josephson junction. Therefore, the net phase accumu-
lated around a closed path (located within the supercon-
ducting loop and passing through the Josephson junc-
tion while enclosing the loop centre), is ∆ϕ + 2πΦ/Φo,
where Φ is the net magnetic flux threading through the
superconducting loop and Φo = h/2e is the magnetic flux
quantum. To maintain continuity of the Cooper pair
wavefunction, the phase accumulated around a closed
path should be an integral multiple of 2π such that
∆ϕ + 2πΦ/Φo = 2kπ (where k is an integer). The po-
tential energy of a superconducting loop interrupted by
a single Josephson junction (flux-qubit) consists of two
components. The first component is the magnetic energy
stored in the superconducting loop due to the magnetic
flux Φ threading through it in the presence of an exter-
nal magnetic flux Φa and the second component is the
potential energy accumulated by the Cooper pairs while
tunneling through the Josephson junction. The Joseph-
son junction also forms a junction capacitor, however,
for the flux-qubit the energy contribution due to energy
stored at the junction capacitor is considered to be much
less than the energy. Therefore, the effective Hamiltonian
of the flux-qubit is [7, 33]
HQ =
p2Φ
2C
+
(Φ− Φa)2
2L
+ Ej (1− cos(2πΦ/Φo)) (1)
where p
Φ
= −i~∂/∂Φ is the momentum conjugate to
Φ, and the second term (Φ − Φa)2/2L is the magnetic
energy stored in the flux-qubit loop of self-inductance
L for an external applied flux Φa. The third term
Ej(1−cos(2πΦ/Φo) is the potential energy of the Joseph-
son junction with Josephson energy Ej = Ic~/2e and Ic
being the critical current i.e. the maximum current that
can pass through the Josephson junction without dis-
sipation. The potential energy of the flux-qubit (near
the flux bias point Φa) corresponds to a symmetric one-
dimensional double well if the qubit is biased at half of
the flux quantum i.e Φa = Φ0/2.
FLUX-QUBIT-CANTILEVER
Consider a part of the flux-qubit loop which is made to
project from the substrate and the projected part acts as
a cantilever and thereby provides us with an additional
degree of freedom in the system. A schematic diagram of
the flux-qubit-cantilever, where a part of the supercon-
ducting loop of a flux-qubit forms a cantilever, is shown
in Fig. 1. In this diagram the larger loop is interrupted
by a smaller loop consisting of a dc-SQUID. The Joseph-
son energy that is constant for a single Josephson junc-
tion can be varied by applying a magnetic flux to the
dc-SQUID loop. However, for the calculations through-
out in this paper a flux-qubit with a single Josephson
junction is considered. The external magnetic flux ap-
plied to the cantilever is Φa = BxA cos(θ), where Bx
is the magnitude of the uniform external magnetic field
along a fixed x-axis and the angle θ is the angle between
the magnetic field (x-axis) and the area vector ~A. Con-
sider that the cantilever oscillates about an equilibrium
angle θ0 with an intrinsic frequency of oscillation ωi (the
frequency in absence of the magnetic field). Since the ex-
ternal magnetic flux applied to the flux-qubit-cantilever
depends on the cantilever deflection, therefore, the flux-
qubit whose potential energy depends on an external flux
is coupled to the cantilever. The potential energy of the
flux-qubit-cantilever corresponds to a two-dimensional
function V (Φ, θ). Therefore, the Hamiltonian of the flux-
qubit-cantilever interrupted by a single Josephson junc-
tion can be written as
H =
p2θ
2Im
+
1
2
Imω
2
i (θ − θ0)2 +
p2Φ
2C
+
(Φ−BxA cos(θ))2
2L
+ Ej (1− cos(2πΦ/Φo))(2)
The first two terms of Eq. 2 correspond to the Hamil-
tonian of the cantilever, the last three terms correspond
to the Hamiltonian of the flux-qubit and its coupling to
the cantilever. The fourth term is the magnetic energy of
a superconducting loop in presence of an external mag-
netic field and the fifth term is the potential energy of the
Josephson junction. Here Φ is the magnetic flux thread-
ing through the superconducting loop of the flux-qubit,
pθ = −i~∂/∂θ is the momentum conjugate to θ, Im is
the moment of inertia of the cantilever about the z-axis,
A is the area of the cantilever (A = l×w with l being the
length and w being the width of the cantilever as shown
in Fig. 1). In case of Bx = 0, the coupling between
the mechanical degree of freedom of the cantilever and
the magnetic flux of the flux-qubit is zero. For ωi = 0,
the cantilever has zero intrinsic restoring torque about
the z-axis; however due to the magnetic energy stored
in the loop and potential energy of the Josephson junc-
tion there exist several potential energy minima forming
a two-dimensional multi-well potential.
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FIG. 1. A schematic of the flux-qubit-cantilever. A part of
the flux-qubit (larger loop) is projected from the substrate to
form a cantilever. The external magnetic field Bx controls the
coupling between the flux-qubit and the cantilever. An addi-
tional magnetic flux threading through a dc-SQUID (smaller
loop) which consists of two Josephson junctions adjusts the
tunneling amplitude. The dc-SQUID can be shielded from the
effect of Bx.
The two-dimensional potential energy of the flux-
qubit-cantilever, V (Φ, θ) = (Φ − BxA cos(θ))2/2L +
Ej (1− cos(2πΦ/Φo)) + Imω2i (θ − θ0)2/2 has a single
global minimum situated at (nΦ0, θ
+
n ) if the equilibrium
position of the cantilever is chosen to be θ0 = θ
+
n , where
θ+n = +cos
−1[nΦo/BxA], mΦo < BxA < (m + 1)Φo, in-
tegerm ≥ 0 and n = −m,−m+1, ..0..,m−1,m. Here the
integer n is considered to be positive if the direction of
the net magnetic field passing through the cantilever loop
points along the area vector of the loop. The potential
energy near the global minimum point is considered to be
a single two-dimensional well. Similarly, a global mini-
mum of V (Φ, θ) is situated at (nΦ0, θ
−
n ) if the equilibrium
position of the cantilever is chosen to be θ0 = θ
−
n , where
θ−n = − cos−1[nΦo/BxA]. The location of the potential
energy minimum depends on the cantilever equilibrium
angle and it can be further fine-tuned by tilting the mag-
netic field direction w.r.t the x-axis. Therefore, from the
Taylor expansion of V (Φ, θ) (up to second order differen-
tiation) around a potential minimum (nΦo, θ
+
n ) of a single
two-dimensional well the Hamiltonian given in Eq. 2 is
written as
Hn ≃
p2φ
2C
+
p2δ
2Im
+
(
1
2L
+
2π2Ej
Φ2o
)
φ2
+
(
B2xA
2 − n2Φ2o
2L
+
1
2
Imω
2
i
)
δ2
+
(B2xA
2 − n2Φ2o)1/2
L
φδ (3)
Where the angle δ = θ − θ+n and the magnetic flux
φ = Φ − nΦo are defined w.r.t the two-dimensional po-
tential well minimum (nΦo, θ
+
n ). The momentum conju-
gate to φ and δ are pφ = −i~∂/∂φ and pδ = −i~∂/∂δ,
respectively. The Hamiltonian in Eq. 3 corresponds to
a Hamiltonian of two coupled quantum harmonic oscil-
lators of non-identical masses and different spring con-
stants. The last term, containing a product of φ and δ,
represents the coupling between the oscillators. Due to
this coupling term the eigen states of the Hamiltonian
in Eq. 3 cannot be written as a product of the magnetic
flux states and the cantilever oscillator states. In other
words, the eigen functions of the Hamiltonian given in
Eq. 3 are non-separable functions of φ and δ. On the
other hand, if the cantilever equilibrium angle is chosen
to be θ0 = θ
−
n then the global potential energy minimum
is located at (nΦo, θ
−
n ) and the sign of the coupling term
in Eq. 3 is reversed.
The Hamiltonian in Eq. 3 is rewritten as
Hn ≃
p2φ
2C
+
p2δ
2Im
+
1
2
Cω2φφ
2 +
1
2
Imω
2
δδ
2 + κφδ (4)
where oscillation frequencies along φ and δ are
ω2φ =
1
C
(
1
L
+
4π2Ej
Φ2o
)
ω2δ =
(
B2xA
2 − n2Φ2o
ImL
+ ω2i
)
(5)
and the coupling constant κ (for BxA > nΦo) is
κ =
(B2xA
2 − n2Φ2o)1/2
L
(6)
The coupling constant κ increases with the external mag-
netic field Bx. It is important to note that, even if the
intrinsic frequency ωi of the cantilever is zero, the can-
tilever experiences a restoring force in the presence of an
external magnetic field that results in a nonzero ωδ.
Consider a transformation of variables defined through
the equations given below
X =
(
C
Im
)1/4
cos(β)φ+
(
Im
C
)1/4
sin(β)δ (7)
Y = −
(
C
Im
)1/4
sin(β)φ +
(
Im
C
)1/4
cos(β)δ (8)
In terms of the new variables X and Y , the Hamilto-
nian given in Eq. 4 transforms to a Hamiltonian of two
uncoupled oscillators of identical masses µ = (CIm)
1/2,
such that
Hn =
P 2X
2µ
+
P 2Y
2µ
+
1
2
µω2XX
2 +
1
2
µω2Y Y
2 (9)
for an angle of rotation
β =
1
2
tan−1
[
2κ/µ
ω2φ − ω2δ
]
(10)
where PX = −i~∂/∂X and PY = −i~∂/∂Y are the mo-
menta conjugate to X and Y , respectively. The eigen
frequencies of the uncoupled Hamiltonian in Eq. 9 are
ω2X = ω
2
φ cos
2(β) + ω2δ sin
2(β) +
κ
µ
sin(2β) (11)
4and
ω2Y = ω
2
φ sin
2(β) + ω2δ cos
2(β) − κ
µ
sin(2β) (12)
The ground state wavefunction of the uncoupled Hamil-
tonian given in Eq. 9 turns out to be
Ψn0 (X,Y ) =
(
µ2ωXωY
π2~2
)1/4
(13)
×exp
(
−µωXX
2
2~
)
exp
(
−µωY Y
2
2~
)
The above ground state wavefunction re-expressed in
terms of variables φ-δ is
Ψn0 (φ, δ) =
(
CImωXωY
π2~2
)1/4
(14)
×exp
(
− C
2~
(ωX cos
2(β) + ωY sin
2(β)) φ2
)
×exp
(
−Im
2~
(ωX sin
2(β) + ωY cos
2(β)) δ2
)
×exp
(
− (CIm)
1/2
2~
(ωX − ωY ) sin(2β) φ δ
)
The last exponent of Eq. 14 consists of a product of φ
and δ, therefore, the ground state wavefunction Ψn0 (φ, δ)
is non-separable i.e. Ψn0 (φ, δ) cannot be written as a
product of functions ψn0 (φ) and ψ
n
0 (δ), where ψ
n
0 (φ) and
ψn0 (δ) are functions of φ and δ alone, respectively. The
ground state wavefunction Ψn0 (φ, δ) is separable if the
coupling constant κ = 0.
The ground state |α〉n0 of the flux-qubit-cantilever in
the basis |φ〉|δ〉 is
|α〉n0 =
∫ ∫
Cnφ,δ|φ〉|δ〉dφdδ (15)
where Cnφ,δ = (〈δ|〈φ|)|α〉n0 = Ψn0 (φ, δ). Since the ground
state wave-function Ψn0 (φ, δ) of the flux-qubit-cantilever
is non-separable, therefore, the ground state |α〉n0 is an
entangled state.
Experimental Considerations
Consider a flux-qubit-cantilever made of niobium
which is a type-II superconductor with a transition tem-
perature of about 9.26 K. Further, consider a square
cross-section of this superconducting material with edge
thickness t = 0.5µm, l = 6µm, w = 4µm (A =
l × w). For these dimensions, the mass of the can-
tilever is 3.64 × 10−14Kg and the moment of inertia is
Im ≃ 7.28×10−25 Kg m2. The critical current of Joseph-
son junction Ic = 5µA, capacitance C = 0.1pF and
self-inductance L = 100pH which are of the same or-
der as described in reference [3]. The quantity βL =
2πLIc/Φo ≃ 1.52. Consider the intrinsic frequency of
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FIG. 2. A contour plot indicating location of a two-
dimensional global potential energy minimum at (nΦ0 =
0, θ+n = pi/2) and the local minima when the cantilever equi-
librium angle θ0 = pi/2, ωi = 2pi × 12000 rad/s, Bx =
5.0×10−2T. The contour interval in units of frequency (E/h)
is ∼ 3.9× 1011Hz.
the cantilever ωi = 2π× 12000 rad/s. For an equilibrium
angle θ0 = θ
+
n = cos
−1[nΦo/BxA] there exists a single
global potential energy minimum. If we consider n = 0
and Bx = 5 × 10−2T the global potential energy mini-
mum is located at (nΦ0 = 0, θ
+
n = π/2). For parameters
described above ωφ ≃ 2π × 7.99× 1010 rad/s, ωδ = 2π ×
25398.1 rad/s and κ = 0.012 A. The eigen frequencies of
the flux-qubit-cantilever are ωX ≃ 2π× 7.99× 1010 rad/s
and ωY = 2π×21122.5 rad/s. A contour plot of the two-
dimensional potential energy of the flux-qubit-cantilever
indicating a two-dimensional global minimum located at
(nΦ0 = 0, θ
+
n = π/2) and two local minima is shown in
Fig. 2. Even if we consider intrinsic frequencies to be
zero, the restoring force is still nonzero due to a finite
coupling constant. For ωi = 0, the angular frequencies
are ωφ ≃ 2π×7.99×1010 rad/s, ωδ = 2π×22384.5 rad/s,
ωX ≃ 2π×7.99×1010 rad/s and ωY = 2π×17382.8 rad/s.
These frequencies can be tuned by varying the external
magnetic field and by changing the dimensions of the
cantilever, which alters its mass, moment of inertia and
self-inductance.
The potential energy of the flux-qubit-cantilever near
its equilibrium angle corresponds to a symmetric two-
dimensional double well (i.e. two global minima for
mΦo < BxA < (m + 1)Φo) if the equilibrium angle
of the cantilever is chosen such that θ0 = cos
−1[(2n +
1)Φo/2BxA], provided ωi is less than or of the order of
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FIG. 3. A contour plot indicating location of two-
dimensional potential energy minima forming a symmetric
double well potential when the cantilever equilibrium angle
θ0 = cos
−1[Φo/2BxA], ωi = 2pi × 12000 rad/s, Bx =
5× 10−2T. The contour interval in units of frequency (E/h)
is ∼ 4× 1011Hz.
the first term of ωδ (Eq. 5) i.e. (B
2
xA
2 − n2Φ2o/ImL)1/2.
For a two-dimensional double well potential, the left po-
tential well is located near (nΦo, θ
+
n ) and the right poten-
tial well is located near ((n+ 1)Φo, θ
+
n+1). Any variation
of the equilibrium angle around cos−1[(2n+1)Φo/2BxA]
introduces an asymmetry in the two-dimensional double
well potential. The asymmetry in the two-dimensional
double well potential can also be produced by tilting
the magnetic field direction. Consider n = 0 such that
θ0 = cos
−1[Φo/2BxA]; therefore, at equilibrium the flux-
qubit-cantilever is biased at half of the flux quantum
(Φo/2). A contour plot indicating a two-dimensional
symmetric double well potential is shown in Fig. 3. Con-
sider for the double well potential, the non-separable
ground states of the left and the right potential well to be
|α〉L and |α〉R, respectively. The barrier height between
the two wells of the two-dimensional double well poten-
tial which is less than 2Ej , reduces when ωi is increased.
The barrier height controls the tunneling between the po-
tential wells and it can also be tuned through an external
magnetic flux applied to the dc-SQUID of the flux-qubit-
cantilever. When the tunneling between the wells is in-
troduced, the ground state of the flux-qubit-cantilever is
|Ψ〉E = [|α〉L+ |α〉R]/
√
2. The state |Ψ〉E is an entangled
state of the magnetic flux and the cantilever deflection.
The state |Ψ〉E can be realized by cooling the flux-qubit-
cantilever to its ground state.
A special case of interest of the flux-qubit-cantilever
when the intrinsic frequency ωi of the flux-qubit-
cantilever is zero, the potential energy V (Φ, θ) = (Φ −
BxA cos(θ))
2/2L + Ej (1− cos(2πΦ/Φo)), has multiple
two-dimensional global minima forming a lattice. For
mΦo < BxA < (m+ 1)Φo, integer m ≥ 0, the minima of
potential energy are located at (nΦ0, θ
+
n ) and (nΦ0, θ
−
n ),
where n = −m,−m+ 1, ..0..,m− 1,m.
SUPERCONDUCTING-LOOP-OSCILLATOR
Here a superconducting-loop-oscillator which is a vari-
ant of the flux-qubit-cantilever is considered, which con-
sists of a superconducting loop without a Josephson junc-
tion, as shown in Fig. 4. The axis of rotation of the su-
perconducting loop coincides with the z-axis. Both ends
of the loop axis are mounted on a substrate (which is not
shown in Fig. 4). The closed superconducting loop can
be of any arbitrary shape. The Hamiltonian of such an
oscillator is a special case of the Hamiltonian of Eq. 2 if
the Josephson potential energy term is zero. Therefore,
the Hamiltonian of the superconducting-loop-oscillator
can be written as
H =
p2θ
2Im
+
1
2
Imω
2
i (θ − θ0)2
+
(nΦo −BxA cos(θ))2
2L
(16)
it is assumed here that a definite value of the quan-
tized flux nΦo is threading through the loop, and the
oscillation of the loop does not excite or de-excite the
magnetic flux quantum state. Such an approximation
is valid if the frequency of oscillation of the supercon-
ducting loop is much less than the frequency equiva-
lent of a energy difference between different flux quan-
tum states. Since the magnetic flux trapped in a su-
perconducting loop remains constant, therefore the po-
tential energy profile of the superconducting loop oscil-
lator is a one-dimensional function (for a fixed value of
n) V (θ) = 12Imω
2
i (θ − θ0)2 + 12L(nΦo −BxA cos(θ))2. In
the presence of an external magnetic field Bx, the super-
conducting loop acts as an oscillator even if its intrinsic
frequency is zero. Here the area A = l‖ × l⊥, where l‖
and l⊥ are the dimensions of the loop as shown in Fig. 4.
Consider BxA < nΦo and θ0 = 0. In this case the
potential energy minimum is located at θ = 0, and
the restoring couple acting on the superconducting-loop-
oscillator for a small amplitude oscillation near the min-
imum is τθ = −
(
Imω
2
i + (nΦo −BxA)BxA/L
)
θ. The
restoring torque which is proportional to the angular dis-
placement reflects, the harmonic nature of the potential
near the minimum. A small amplitude oscillation fre-
quency in such a harmonic potential is calculated as
ωn(H) =
(
ω2i +
(nΦ0 −BxA)BxA
ImL
)1/2
(17)
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FIG. 4. A superconducting-loop-oscillator with its axis of ro-
tation along the z-axis consists of a closed superconducting
loop without a Josephson Junction. The superconducting loop
can be of any arbitrary shape.
where the subscript n(H) of ωn(H) signifies the har-
monic potential corresponding to the nth quantum of
the trapped magnetic flux. The ωn(H) is nonzero even
if intrinsic frequency ωi is zero. On the other hand, for
the case if BxA > |nΦ0|, ωi = 0 and θ0 = 0, there ex-
ist two local minima of V (θ) located at θ+n and θ
−
n . In
this case V (θ) corresponds to a one-dimensional double
well potential. A deviation of θ0 around zero produces
an asymmetry in the double well potential. The asym-
metry in the double well potential can also be produced
by tilting the magnetic field direction. A small ampli-
tude oscillation frequency around each minimum of the
double well is calculated as
ωn(DW ) =
(
B2xA
2 − n2Φ20
ImL
)1/2
(18)
where a subscript n(DW ) signifies a double well poten-
tial corresponding to the nth quantum of the trapped
magnetic flux. The barrier height which is VB = (nΦ0 −
BxA)
2/2L for ωi = 0 decreases when ωi, is increased.
The one-dimensional potential V (θ) can be gradually
modified from a single harmonic well potential to a dou-
ble well potential by increasing the external magnetic
field Bx. Such a gradual modification of the potential
energy for a single flux quantum (n=1) and ωi = 10 kHz
is shown in Fig. 5, where in Fig. 5 (a) a single har-
monic potential is formed for an external magnetic field
Bx = 0 T, Fig. 5 (b) Bx = 0.035 T and Fig. 5 (c) a
single harmonic potential is modified into a double well
potential for Bx = 0.045 T. For these plots a niobium
superconducting-loop-oscillator of dimensions l‖ = 6µm,
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FIG. 5. The potential energy profile of the superconducting-
loop-oscillator when the intrinsic frequency is 10 kHz. (a)
For external magnetic field Bx = 0, a single well harmonic
potential near the minimum is formed. (b) Bx = 0.035 T (c)
for Bx = 0.045 T, a double well potential is formed.
l⊥ = 5µm is considered, where niobium has a square
cross-section of edge thickness 0.5µm. The total mass,
the moment of inertia along the axis of rotation and the
self-inductance of the superconducting-loop-oscillator are
5.14 × 10−14 kg, 2.73 × 10−25Kgm2 and 10pH, respec-
tively. A gradual modification from a single well potential
to a double well potential has an important application
in realizing a macroscopic quantum superposition state
of the superconducting-loop-oscillator. Consider that the
superconducting-loop-oscillator is prepared in the ground
state of a single well harmonic potential when the exter-
nal magnetic field is zero. When the external magnetic
field is increased adiabatically, the superconducting-loop-
oscillator remains in the ground state of its instantaneous
potential. Such an adiabatic increase of the magnetic
field, gradually keeps the superconducting-loop-oscillator
in the ground state of the double well potential. The
ground state of the double well potential corresponds to
a macroscopic superposition of distinct configurations.
However, the potential near its minimum relaxes for an
intermediate value of an external magnetic field as shown
in Fig. 5 (b), and is the regime where the external mag-
netic field has to be increased very slowly.
CONCLUDING REMARKS
In this paper a macroscopic quantum oscillator (flux-
qubit-cantilever) is proposed, which exhibits a natural
coupling between the magnetic flux and the cantilever.
The coupling constant can be varied by the external mag-
7netic field. The potential energy is adjusted through
the cantilever equilibrium position and the external mag-
netic field. The ground state of the flux-qubit-cantilever
corresponds to an entangled quantum state of the mag-
netic flux and the cantilever deflection. Furthermore,
a variant of the flux-qubit-cantilever is also proposed,
which is a superconducting loop without any Josephson
junction. This superconducting-loop-oscillator provides
a way of generating a macroscopic quantum superposi-
tion of distinct configurations. Both the proposed sys-
tems can be experimentally implemented and provide a
novel way of generating quantum entangled states and
quantum superpositions of macroscopic observables. In
both the cases, the novel quantum phenomenon occurs
in the ground state, which provides an experimental ad-
vantage.
Author is thankful to Prof. Arvind for useful com-
ments on this paper.
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